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Abstract
In this paper, for a discontinuous skew-product transformation with the integrable
observation function, we obtain uniform ergodic theorem and semi-uniform ergodic theo-
rem. The main assumptions are that discontinuity sets of transformation and observation
function are neglected in some measure-theoretical sense. The theorems extend the clas-
sical results which have been established for continuous dynamical systems or continuous
observation functions. Meanwhile, on the torus Td with special rotation, we prove the
pointwise convergence of multiple ergodic average
1
N
N−1∑
n=0
f1(R
n
α
x)f2(R
2n
α
x) on Td.
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1 Introduction
In 1931, the first major result in ergodic theory was proved by Birkhoff [6] for measure-
preserving systems. For topological systems, in 1952, the strongest ergodic theorem, which
is called the uniform ergodic theorem, was obtained by Oxtoby [17]. It is a well known
result that, for a uniquely ergodic system, time averages of continuous observations converge
uniformly. In 1982, a generalization of Oxtoby’s ergodic theorem was given by Johnson and
Moser [14]. By placing severe restrictions on continuous observations instead of the dynamical
system, they obtained uniform convergence as well. This was also called the uniform ergodic
theorem. As for semi-uniform convergence, in 1997, Stark [19] gave a semi-uniform version of
the sub-additive ergodic theorem for uniquely ergodic systems, though this was not explicitly
stated in [19]. In 2000, Sturman and Stark [20] obtained semi-uniform ergodic theorem on a
skew-product system. In 2006, Zheng, Xia and Zheng [28] gave equivalent conditions for semi-
uniform ergodic theorem. Nevertheless, all results mentioned above for topological systems
involve continuous dynamical systems with continuous observation functions. In 2011, Zhang
1
and Zhou [26] extended the uniform ergodic theorem to skew-product quasi-flow, which did
not assume the dynamical systems to be continuous in spatial variable. In 2013, Zhang,
Zheng and Zhou [27] established semi-uniform sub-additive ergodic theorem for skew-product
transformations, which allows the discontinuity of spatial variable too. Although in [26, 27]
the spatial variable might be discontinuous, observation functions are continuous. In 2011,
Dai [8] proved semi-uniform sub-additive ergodic theorem, which allows the discontinuity of
observation functions, but spatial variable is continuous.
However, both the spatial variables and observation functions discontinuity, uniform er-
godic theorem or semi-uniform ergodic theorem are rare. This paper gives an extension of
uniform ergodic theorem and semi-uniform ergodic theorem based on the dynamical system
with discontinuous spatial variables, additionally, observation functions are discontinuous.
Next part of this paper concerns pointwise convergence on the torus of the multiple ergodic
averages
1
N
N−1∑
n=0
f1(T
n
1 x) · · · fd(T
n
d x). (1.1)
The convergence of the averages (1.1) in L2 norm was established by Host and Kra [11]
(see also by Ziegler [29]), where T1 = T, T2 = T
2, · · · , Td = T
d. When T1, T2, . . . , Td
are commuting measure-preserving transformations, the convergence of the averages (1.1)
was established by Tao [21]. Soon after, Towsner [22], Host [12] and Austin [4] gave proofs
from different viewpoints. Tao’s approach was combinatorial and finitary, inspired by the
hypergraph regularity and removal lemmas. Towsner used nonstandard analysis, whereas
Austin and Host all exploited ergodic methods, building an extension of the original system
with good properties. When T1, T2, . . . , Td belong to nilpotent group, it was proved
by Walsh [23]. Comparing with L2-convergence of the averages (1.1), the almost surely
convergence is relatively few. In 1931, Birkhoff [6] got the almost surely convergence of the
averages (1.1) for d = 1. The first breakthrough on almost surely convergence of the averages
(1.1) for d > 1 is due to Bourgain in 1990, who showed in [7] for d = 2. Subsequently, Huang,
Shao and Ye [13] showed the almost surely convergence of the averages (1.1) for distal systems,
Y. Gutman, Huang, Shao and Ye [10] showed the almost surely convergence of the averages
(1.1) pairwise independently determined systems. Recently, E. H. el Abdalaoui [1] extended
Bourgain’s result, he showed that the homogenous ergodic bilinear averages with Mo¨bius or
Liouville weight converged almost surely to zero.
Nevertheless, the results with regards to pointwise convergence of the averages (1.1) are
seldom. Based on Bourgain’s theorem in [7], we give pointwise convergence of the averages
(1.1), this reads as follows:
1
N
N−1∑
n=0
f1(R
n
αx)f2(R
2n
α x) (1.2)
converges for every point on the torus Td, where Rα = Rα1,··· ,αd : T
d → Td, with 1, α1, · · · , αd
are rationally independent, f1, f2 ∈ C(T
d).
This paper is organized as follows. We first recall some elements of measure theory and
ergodic theory in Section 2. In Section 3, uniform ergodic theorem and semi-uniform ergodic
theorem will be given, and detailed proofs will be provided for these theorems. In Section 4,
The proof of the pointwise convergence of multiple ergodic average is given.
2
2 Preliminary
2.1 Existence of invariant measures for SPT
Let us first recall from [3, 24] some basic facts on measure theory and ergodic theory. Suppose
that Y is a compact metric space. The σ-algebra of Borel subsets of Y will be denoted by
B. All probability measures defined on the measurable space (Y,B) will be denoted by
M(Y ). All real-valued continuous functions on Y will be denoted by C(Y ). Endowed with
the supermum norm ‖ · ‖∞, (C(Y ), ‖ · ‖∞) is a Banach space. By the Riesz representation
theorem [24, Theorem 6.3], we know that there exists a bijection between M(Y ) and the set
of all normalised positive linear functionals on C(Y ). Therefore, M(Y ) is identified with a
convex subset of the unit ball in C(Y )∗. Here C(Y )∗ is the dual space of C(Y ). Endowed
with the weak∗ topology on C(Y )∗, we know that (M(Y ), w∗) is convex and sequentially
compact.
A measurable map T : (Y,B)→ (Y,B) can yield a push T∗ :M(Y )→M(Y ) by
T∗µ(B) := µ(T
−1(B)) ∀ B ∈ B, µ ∈ M(Y ). (2.3)
Denote the invariant Borel probability measures set by M(X,T ) = {µ ∈ M(X)|T∗µ = µ}.
It is well-known that if T is continuous, then so is the push T∗. When T is only measurable,
T∗ is in general not continuous in weak
∗ topology. However, when the discontinuous point of
T is not too much, we have the following continuity result for T∗.
Proposition 2.1 ([25]) Suppose that T : (Y,B(Y )) → (Y,B(Y )) is measurable. For any
sequence µn → µ in (M(Y ), w
∗) satisfying
µ(DT ) = 0, (2.4)
one has T∗µn → T∗µ in (M(Y ), w
∗).
Now, let us introduce a special measurable transformation which admits some invariant
measures.
Definition 2.2 ([27]) Suppose that Ω and X are compact metric spaces, a transformation
Φ : Ω × X → Ω × X is called a skew-product transformation(SPT) with a continuous base
φ : Ω→ Ω if
• there holds π ◦Φ = φ ◦ π where π : Ω×X → Ω is the projection and
• Φ : Ω×X → Ω×X is Borel measurable.
One of the important features of SPT is that it allows the discontinuity of Φ(ω, x) in the
phase space Ω×X. Let
DΦ := {(ω, x) ∈ Ω×X : Φ is discontinuous at (ω, x)}.
It is easy to check that DΦ is a Borel set of Ω×X. Now combining Proposition 2.1 with
the Schauder-Tychonoff fixed point theorem [9], we obtain the following result which is a
complete extension of the classical Bogoliubov-Krylov theorem [16].
3
Proposition 2.3 ([26]) Let Φ be an SPT on Ω×X with a base φ on Ω fulfilling
ν(π(DΦ)) = 0 ∀ ν ∈M(Ω, φ). (H)
Then there exists at least one invariant Borel probability measure under Φ, i.e., M(Ω ×
X,Φ) 6= ∅.
Some further properties about M(Ω ×X,Φ) are listed as follows.
Proposition 2.4 ([26]) Let Φ be an SPT on Ω×X with a base φ on Ω fulfilling (H). Then
(i) M(Ω×X,Φ) is a compact subset of M(Ω ×X).
(ii) µ is an extreme point of M(Ω ×X,Φ) if and only if µ is ergodic under Φ.
To prove our main theorems, we need measure−theoretic results.
Proposition 2.5 ([5]) Let µn and µ be probability measures on (X,B). Then the following
two conditions are equivalent:
1. µn → µ as n→∞, in the sense of weak
∗ topology;
2. limn→∞
∫
X
f(x) dµn(x) =
∫
X
f(x) dµ(x) for every bounded Borel measurable real func-
tion f(x) with µ(Df ) = 0.
Proposition 2.6 ([24]) If T : X → X is continuous and µ ∈ M(X) then µ ∈ M(X,T ) iff∫
f ◦ T dµ =
∫
f dµ, ∀ f ∈ C(X).
The next results says that each µ ∈ M(X) is determined by how it integrates bounded
and Borel measurable functions. It is a simple extension of classical results for continuous
functions, we will just state it here.
Lemma 2.7 Let µ, ν be two Borel probability measures on the metric space X. Then µ = ν
iff
∫
f dµ =
∫
f dν, f is bounded and Borel measurable.
2.2 Rationally independence rotations of torus
Consider the unit circle S1 = [0, 1]/ ∼, where ∼ indicates that 0 and 1 are identified. The
natural distance on [0, 1] induces a distance on S1; specifically,
d(x, y) = min(|x− y|, 1− |x− y|).
Lebesgue measure on [0, 1] gives a natural measure µ on S1, also called Lebesgue measure µ.
Recall that a measure µ on the Borel σ-algebra of a compact topological spaceX is regular,
if for every ǫ > 0 and every E ∈ B(X), there is a compact set M and an open set U , such
that M ⊂ E ⊂ U and µ(U\M) < ǫ. Let G be a compact topological group. There exists a
probability measure µ defined on the Borel σ-algebra B(G), such that µ(xE) = µ(E), ∀E ∈
B(G) and µ is regular. There is only one regular rotation invariant probability measure on
(G,B(G)). This unique measure is called Haar measure. For the circle, the Haar measure
is the normalised circular Lebesgue measure. For the torus Tℓ = S1 × · · · × S1︸ ︷︷ ︸
ℓ times
, ℓ ≥ 1 the
Haar measure is the product of the Haar measure on S1.
4
A topological dynamical system f : X → X is called minimal if the orbit of every point
x ∈ X is dense in X, or, equivalently, if f has no proper closed invariant sets. Let ℓ ≥ 1 be
an integer and α = (α1, · · · , αℓ). The rotation Rα has the form
Rα(x1, · · · , xℓ) = (x1 + α1, · · · , xℓ + αℓ) (mod 1).
For ℓ = 1, and irrational number α, the rotation Rα is minimal. For ℓ > 1, α = (α1, · · · , αℓ),
in order to get minimal property of the rotation Rα, we need auxiliary condition on α as well.
Definition 2.8 ([24]) The real numbers 1, α1, · · · , αℓ are rationally independent, if there is
no k0, k1, · · · , kℓ ∈ Z
ℓ+1\{0} such that k0 + k1α1 + · · · kℓαℓ = 0.
Proposition 2.9 ([24]) The rotation Rα is minimal if and only if the numbers α1, · · · , αℓ
and 1 are rationally independent.
From next proposition, the rationally independent rotation Rα = Rα1,··· ,αℓ : T
ℓ → Tℓ is
uniquely ergodic.
Proposition 2.10 ([24]) Let α = (α1, · · · , αℓ) with 1, α1, · · · , αℓ rationally independent. The
Haar measure is the only probability measure which is invariant by Rα : T
ℓ → Tℓ.
3 Uniform and semi-uniform convergence for SPT
In this section Ω×X will denote a compact metric space. Our aim in this part is to establish
some uniform and semi-uniform ergodic theorems for SPT with discontinuous observation
functions.
Theorem 3.1 Let Φ be an SPT on Ω×X with the base φ on Ω fulfilling (H). Suppose that
a ∈ R is a constant, and f is an integrable function with
µ(Df ) = 0 and
∫
Ω×X
f dµ = a ∀ µ ∈ M(Ω×X,Φ). (3.5)
Then
lim
n→∞
1
n
n−1∑
i=0
f(Φi(ω, x)) = a (3.6)
unoformly in (ω, x) ∈ Ω×X.
Proof Suppose by contradiction that there is a real number ǫ0 > 0, a sequence {nk}k≥0 of
integers tending to +∞ and a sequence {(ωk, xk)}k≥0 ∈ Ω×X such that for all k,∣∣∣∣∣ 1nk
nk−1∑
i=0
f(Φi(ωkj , xkj ))−
∫
Ω×X
f dµ
∣∣∣∣∣ ≥ ǫ0. (3.7)
Let µk :=
1
nk
∑nk−1
i=0 Φ
i
∗δ(ωk ,xk), where δ(ωk ,xk) stands for the Dirac probability measure
concentrated at the base point (ωk, xk) ∈ Ω ×X. By compacity of M(Ω ×X) in the weak
∗
topology, one can suppose that the sequence {µkj}j≥0 ⊆ {µk}k≥0 converges to a probability
measure µ′ which is Φ−invariant.
5
We will prove that µ′ is Φ−invariant by the following three steps.
• Step 1: One has
π∗µ
′ ∈ M(Ω, φ). (3.8)
First of all, we have
π∗µ
′ = lim
j→∞
1
nkj
nkj−1∑
i=0
π∗(Φ
i
∗δ(ωkj ,xkj )
)
= lim
j→∞
1
nkj
nkj−1∑
i=0
(π ◦Φi)∗δ(ωkj ,xkj )
= lim
j→∞
1
nkj
nkj−1∑
i=0
(φi ◦ π)∗δ(ωkj ,xkj ).
In fact, for any g˜ ∈ C(Ω), define g = g˜ ◦ π. Then we have
∫
Ω
g˜ d(π∗µ
′) = lim
j→∞
1
nkj
nkj−1∑
i=0
∫
Ω
g˜ d(φi ◦ π)∗δ(ωkj ,xkj )
= lim
j→∞
1
nkj
nkj−1∑
i=0
∫
Ω×X
g˜ ◦ (φi ◦ π) dδ(ωkj ,xkj )
= lim
j→∞
1
nkj
nkj−1∑
i=0
∫
Ω×X
g˜ ◦ (π ◦ Φi) dδ(ωkj ,xkj )
= lim
j→∞
1
nkj
nkj−1∑
i=0
∫
Ω×X
g ◦Φi dδ(ωkj ,xkj ) (3.9)
and ∫
g˜ ◦ φ d(π∗µ
′) = lim
j→∞
1
nkj
nkj−1∑
i=0
∫
Ω×X
g ◦ Φi+1 dδ(ωkj ,xkj ).
Hence
∣∣∣∣
∫
g˜ ◦ φ d(π∗µ
′)−
∫
g˜ d(π∗µ
′)
∣∣∣∣ = limj→∞
∣∣∣∣∣∣ 1nkj
∫ nkj−1∑
i=0
(g ◦ Φi+1 − g ◦ Φi) dδ(ωkj ,xkj )
∣∣∣∣∣∣
= lim
j→∞
∣∣∣∣ 1nkj
∫
(g ◦Φ
nkj − g) dδ(ωkj ,xkj )
∣∣∣∣
≤ lim
j→∞
2‖g‖∞
nkj
= 0.
So ∫
g˜ ◦ φ d(π∗µ
′) =
∫
g˜ d(π∗µ
′), ∀ g˜ ∈ C(Ω).
According to Proposition 2.6, we get the desired result (3.8).
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• Step 2: One has
Φ∗µkj → Φ∗µ
′ in (M(Ω ×X), w∗). (3.10)
Note that
0 ≤ µ′(DΦ) ≤ µ
′(π−1(π(DΦ))) = (π∗µ
′)(π(DΦ)) = 0,
where (3.8) and (H) are used. By Propsition 2.1, we get the desired result (3.10). 
• Step 3: One has
Φ∗µkj → µ
′ in (M(Ω ×X), w∗). (3.11)
In fact, for any g ∈ C(Ω×X), we have∫
Ω×X
g dΦ∗µkj =
∫
Ω×X
g ◦ Φdµkj
=
1
nkj
nkj−1∑
i=0
∫
Ω×X
g ◦ ΦdΦi∗δ(ωkj ,xkj )
=
1
nkj
nkj−1∑
i=0
∫
Ω×X
g ◦ Φ ◦Φi dδ(ωkj ,xkj )
=
1
nkj
nkj−1∑
i=0
g ◦ Φ(Φi(ωkj , xkj ))
=
∫
Ω×X
g dµkj +
1
nkj
(g ◦ Φ
nkj (ωkj , xkj)− g(ωkj , xkj )).
So
lim
j→∞
∫
Ω×X
g dΦ∗µkj =
∫
Ω×X
g dµ′.
Since g ∈ C(Ω×X) is arbitrary, according to proposition 2.5, we get the desired result (3.11).
Combining (3.10) with (3.11), we have µ′ ∈ M(Ω ×X,Φ). Finally, it follows from Prop-
sition 2.5 that
lim
j→∞
∫
Ω×X
f dµkj =
∫
Ω×X
f dµ′.
Then, we have ∫
Ω×X
f dµ′ = lim
j→∞
1
nkj
nkj−1∑
i=0
f(Φi(ωkj , xkj )) ≥ a+ ε0,
or ∫
Ω×X
f dµ′ = lim
j→∞
1
nkj
nkj−1∑
i=0
f(Φi(ωkj , xkj )) ≤ a− ε0.
They are contradiction to condition (3.5). This ends the proof of Theorem 3.1. 
For a physical problem it is difficult to directly calculate
∫
f dµ for all invariant measures
µ. Nevertheless, it is feasible to estimate the range of integration. We will give the semi-
uniform ergodic theorem for SPT as follows.
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Theorem 3.2 Let Φ be an SPT on Ω×X with the base φ on Ω fulfilling (H). Suppose that
a ∈ R is a constant, and f is an integrable function with
µ(Df ) = 0 and
∫
Ω×X
f dµ ≤ a ∀ µ ∈ M(Ω×X,Φ). (3.12)
Then, for any given ε > 0, there exists an N ∈ N such that for all n ≥ N we have
1
n
n−1∑
i=0
f(Φi(ω, x)) ≤ a+ ε ∀ (ω, x) ∈ Ω×X. (3.13)
Similarly, we have the following result.
Theorem 3.3 Let Φ be an SPT on Ω×X with the base φ on Ω fulfilling (H). Suppose that
a ∈ R is a constant, and f is an integrable function with
µ(Df ) = 0 and
∫
Ω×X
f dµ ≥ a ∀ µ ∈ M(Ω×X,Φ). (3.14)
Then, for any given ε > 0, there exists an N ∈ N such that for all n ≥ N we have
1
n
n−1∑
i=0
f(Φi(ω, x)) ≥ a− ε ∀ (ω, x) ∈ Ω×X. (3.15)
Repeating the proof of Theorem 3.1, one can prove Theorem 3.2 and Theorem 3.3 easily.
We omit the details here.
4 Pointwise convergence on the torus of the multiple ergodic
averages
In this part, we obtain the pointwise convergence with rationally independent rotation on
the torus of the multiple ergodic averages.
Theorem 4.1 Let ℓ ≥ 1 be an integer and α = (α1, · · · , αℓ) with 1, α1, · · · , αℓ rationally
independent, Rα : T
ℓ → Tℓ, f1, f2 : T
ℓ → R, f1, f2 ∈ C(T
ℓ). Then
1
N
N−1∑
n=0
f1(R
n
αx)f2(R
2n
α x)
converges pointwise.
Proof By Bourgain’s double recurrence theorem ([7]), for all f1, f2 ∈ C(T
ℓ), the limit
1
N
N−1∑
n=0
f1(R
n
αx)f2(R
2n
α x) exists a.e. that is to say, there exists
B =
{
x ∈ Tℓ | lim
N→∞
1
N
N−1∑
n=0
f1(R
n
αx)f2(R
2n
α x) exists
}
with µ(B) = 1. Exploiting the method introduced in [2, 18], we have
lim
N→∞
1
N
N−1∑
n=0
f1(R
n
αx)f2(R
2n
α x) =
∫
Tℓ
f1 dµ
∫
Tℓ
f2 dµ, ∀x ∈ B,
8
where µ is the Haar measure of Tℓ.
Let A = Tℓ\B. Now, we will assert A = ∅. Suppose A 6= ∅. Take y ∈ A. Then, there is a
real number ǫ′ > 0, a sequence (Nk)k≥0 of integers tending to +∞ such that∣∣∣∣∣ 1Nk
Nk−1∑
n=0
f1(R
n
αy)f2(R
2n
α y)−
∫
Tℓ
f1 dµ
∫
Tℓ
f2 dµ
∣∣∣∣∣ ≥ ǫ′. (4.1)
For any ǫ > 0, on the one hand, the Haar measure is regular, we can find a x ∈ B, such
that d(x, y) < ǫ. On the other hand, the orbit of any point in Tℓ is dense. There exists
an integer n0 > 0, such that d(R
n0
α y, x) < ǫ. What is more, R
m
α , ∀m > 0, is isometric,
d(Rn0+mα y,R
m
α x) = d(R
n0
α y, x) < ǫ. Choose Nk, such that∣∣∣∣∣ 1Nk
n0−1∑
n=0
f1(R
n
αy)f2(R
2n
α y)
∣∣∣∣∣+
∣∣∣∣∣∣ 1Nk
Nk−1∑
n=Nk−n0
f1(R
n
αx)f2(R
2n
α x)
∣∣∣∣∣∣ < ǫ.
According to the uniformly continuous, there exists a δ > 0, if
d(Rn0α y, x) = d(R
n0+m
α y,R
m
α x) < δ, ∀m > 0,
then
d(fi(R
n+m
α y), fi(R
m
α x)) < ǫ, where i = 1, 2.
Thus ∣∣∣∣∣ 1Nk
Nk−1∑
n=0
f1(R
n
αy)f2(R
2n
α y)−
1
Nk
Nk−1∑
n=0
f1(R
n
αx)f2(R
2n
α x)
∣∣∣∣∣
=
∣∣∣∣∣ 1Nk [
n0−1∑
n=0
f1(R
n
αy)f2(R
2n
α y) +
Nk−1∑
n=n0
f1(R
n
αy)f2(R
2n
α y)]
−
1
Nk
[
Nk−n0−1∑
n=0
f1(R
n
αx)f2(R
2n
α x) +
Nk−1∑
n=Nk−n0
f1(R
n
αx)f2(R
2n
α x)]
∣∣∣∣∣∣
≤
∣∣∣∣∣ 1Nk
n0−1∑
n=0
f1(R
n
αy)f2(R
2n
α y)
∣∣∣∣∣+
∣∣∣∣∣∣ 1Nk
Nk−1∑
n=Nk−n0
f1(R
n
αx)f2(R
2n
α x)
∣∣∣∣∣∣
+
1
Nk
∣∣∣∣∣
Nk−1∑
n=n0
f1(R
n
αy)f2(R
2n
α y)−
Nk−n0−1∑
n=0
f1(R
n
αx)f2(R
2n
α x)
∣∣∣∣∣
≤ ǫ+
1
Nk
∣∣∣∣∣
Nk−n0−1∑
n=0
[f1(R
n+n0
α y)f2(R
2(n+n0)
α y)− f1(R
n
αx)f2(R
2n
α x)]
∣∣∣∣∣
= ǫ+
1
Nk
∣∣∣∣∣
Nk−n0−1∑
n=0
[(f1(R
n+n0
α y)− f1(R
n
αx))f2(R
2(n+n0)
α y)
+f1(R
n
αx)(f2(R
2(n+n0)
α y)− f2(R
2n
α x))]
∣∣∣
≤ ǫ+ ǫ
∣∣∣∣∣ 1Nk
Nk−1∑
n=n0
f2(R
2n
α y)
∣∣∣∣∣+ 3ǫ
∣∣∣∣∣ 1Nk
Nk−n0−1∑
n=0
f1(R
n
αx)
∣∣∣∣∣ .
(4.2)
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In fact,
lim
k→∞
1
Nk
Nk−1∑
n=n0
f2(R
2n
α y) =
∫
Tℓ
f2 dµ,
lim
k→∞
1
Nk
Nk−n0−1∑
n=0
f1(R
n
αx) =
∫
Tℓ
f1 dµ.
Let
C = 1 +
∣∣∣∣
∫
Tℓ
f1 dµ
∣∣∣∣+ 3
∣∣∣∣
∫
Tℓ
f2 dµ
∣∣∣∣ ,
ǫ =
ǫ′
C
.
Then ∣∣∣∣∣lim infk→∞ 1Nk
Nk−1∑
n=0
f1(R
n
αy)f2(R
2n
α y)−
∫
Tℓ
f1 dµ
∫
Tℓ
f2 dµ
∣∣∣∣∣ ≤ ǫ′,
and ∣∣∣∣∣lim supk→∞ 1Nk
Nk−1∑
n=0
f1(R
n
αy)f2(R
2n
α y)−
∫
Tℓ
f1 dµ
∫
Tℓ
f2 dµ
∣∣∣∣∣ ≤ ǫ′.
It is contrary to (4.1). This ends the proof of Theorem 4.1. 
Remark 4.2 If the open problem of almost everywhere convergence for the averages (1.1) is
solved, our methods can be applied to the multiple averages directly, then Theorem 4.1 holds
for all d ∈ N, i.e.
1
N
N−1∑
n=0
f1(R
n
αx)f2(R
2n
α x) · · · fd(R
dn
α x), ∀d ∈ N converges pointwise.
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